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A NEW CLASS OF RECONSTRUCTIBLE GRAPHS
TETSUYA HOSAKA
Abstract. In this paper, we give a new class of reconstructible
graphs.
1. Introduction
The purpose of this paper is to give a new class of reconstructible
graphs.
For a graph G and v ∈ V (G), let N(v) = {u ∈ V (G) | uv ∈ E(G)}
and N [v] = N(v) ∪ {v}.
We prove the following theorem which is an extension of a result in
[1].
Theorem 1.1. Let G be a graph with V (G) = {v1, . . . , vk, . . . , vn}
(1 < k < n). Suppose that
(1)
⋃k
i=1N [vi] = V (G),
(2) N [v1] ∩
⋃k
i=2N [vi] = ∅,
(3) |d(vi)− d(vj)| 6= 1 for any i ∈ {1, . . . , k} and j ∈ {1, . . . , n} −
{i},
(4) {v ∈ V (G) | d(v) = d(v1)} = {v1}, and
(5) {v ∈ V (G) | d(v) = d(vi)} ⊂ {v2, . . . , vk} for any i ∈ {2, . . . , k}.
Then G is reconstructible.
2. Proof of the theorem
Let G be a graph with V (G) = {v1, . . . , vk, . . . , vn} (1 < k < n).
Suppose that
(1)
⋃k
i=1N [vi] = V (G),
(2) N [v1] ∩
⋃k
i=2N [vi] = ∅,
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(3) |d(vi)−d(vj)| 6= 1 for any i ∈ {1, . . . , k} and j ∈ {1, . . . , n}−{i},
(4) {v ∈ V (G) | d(v) = d(v1)} = {v1}, and
(5) {v ∈ V (G) | d(v) = d(vi)} ⊂ {v2, . . . , vk} for any i ∈ {2, . . . , k}.
Let G′ be a graph with V (G′) = {v′
1
, . . . , v′n} such that G−vj
∼= G′−v′j
for any j ∈ {1, . . . , n}.
Here we note that d(vj) = d(v
′
j) for any j ∈ {1, . . . , n}.
Let fj : G− vj → G
′− v′j be an isomorphism for each j ∈ {1, . . . , n}.
Lemma 2.1. N [v′
1
] ∩
⋃k
i=2
N [v′i] = ∅.
Proof. Suppose that there exists j ∈ {1, . . . , n} such that v′j ∈ N [v
′
1
] ∩⋃k
i=2N [v
′
i]. Then v
′
j ∈ N [v
′
1
] ∩N [v′i0 ] for some i0 ∈ {2, . . . , k}.
If j = 1 or j = i0 then v
′
i0
∈ N [v′
1
]. Here we consider an isomorphism
fi0 : G−vi0 → G
′−v′i0 . Since |d(v1)−d(vm)| > 1 for any m ∈ {2, . . . , n}
by (3) and (4), fi0(v1) = v
′
1
because d(v1) = d(v
′
1
). Let d(v1;G − vi0)
be the degree of v1 in G− vi0 . Then
d(v1;G− vi0) = d(fi0(v1);G
′ − v′i0) = d(v
′
1
;G′ − v′i0)
= d(v′
1
)− 1 = d(v1)− 1.
Hence vi0 ∈ N [v1]. This contradicts (2).
Suppose that j 6∈ {1, i0}. We consider an isomorphism fj : G− vj →
G′ − v′j . Then fj(v1) = v
′
1
by (3) and (4), and fj(vi1) = v
′
i0
for some
i1 ∈ {2, . . . , k} such that d(vi1) = d(vi0) by (3) and (5). Hence
d(v1;G− vj) = d(fj(v1);G
′ − v′j) = d(v
′
1
;G′ − v′j)
= d(v′
1
)− 1 = d(v1)− 1,
and
d(vi1 ;G− vj) = d(fj(vi1);G
′ − v′j) = d(v
′
i0
;G′ − v′j)
= d(v′i0)− 1 = d(vi1)− 1.
This means that vj ∈ N [v1] ∩N [vi1 ] which contradicts (2).
Thus N [v′
1
] ∩
⋃k
i=2N [v
′
i] = ∅. 
We consider an isomorphism f1 : G− v1 → G
′ − v′
1
. By (1) and (2),
f1(V (G)−N [v1]) = f1(
k⋃
i=2
N [vi]).
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Since f1({v2, . . . , vk}) = {v
′
2
, . . . , v′k} by (3) and (5),
f1(
k⋃
i=2
N [vi]) =
k⋃
i=2
N [v′i].
By Lemma 2.1,
k⋃
i=2
N [v′i] ⊂ V (G
′)−N [v′
1
].
Thus
f1(V (G)−N [v1]) ⊂ V (G
′)−N [v′
1
].
Here
|f1(V (G)−N [v1])| = n− d(v1)− 1
= n− d(v′
1
)− 1 = |V (G′)−N [v′
1
]|.
Hence f1(V (G) − N [v1]) = V (G
′) − N [v′
1
]. This implies that
f1(N(v1)) = N(v
′
1
). Thus the map f : G → G′ defined by f(v1) = v
′
1
and f(vj) = f1(vj) for each j ∈ {2, . . . , n} is an isomorphism. There-
fore G is reconstructible.
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